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Abstract. More than 95 % of crude steel is nowadays processed by Continuous Casting (CC) 
[1]. To further advance the quality of the products and efficiency of the process, electromagnetic 
(EM) field, which affects the fluid flow as well as the temperature and segregation is added to 
the CC process. In general, there are two types of electromagnetic devices applicable to the CC 
process; the electromagnetic breakers (EMBR) which employ the direct current, and the 
electromagnetic stirrers (EMS), which employ the alternating current. Which of the devices is 
employed depends on what are the desired effects. Both of the processes are modelled by 
implementing the Lorentz force into the momentum equation, and if necessary, the Joule 
heating term into the energy equation. However, the way how these two terms are modelled, 
depends on the type of the implemented device. In case of EMBRs, the assumption of low 
magnetic Reynolds number Rem is made, and consequently, the current density is calculated by 
solving the Poisson’s equation for the electric potential. The EMSs on the other hand, require a 
low-frequency approximation and the solution of induction equation. The complete set of 
governing equations for CC process [2] under the influence of magnetic field includes mass, 
momentum, energy, and species transfer equations, and Maxwell’s equations together with 
Ohm’s law and charge conservation equation. Additionally, the turbulent kinetic energy and 
dissipation rate equations together with Abe-Kondoh-Nagano closures are used to account for 
the turbulence, the lever rule model is used to model the microsegregation, the mixture 
continuum model is used to model the macrosegregation, fractional step method is used to 
model pressure-velocity coupling and the enthalpy-temperature relation is used to calculate the 
temperature from the enthalpy. The solution is sought for on a five-nodded local subdomains 
by constructing an approximation with multiquadric radial basis functions as a basis and 
collocation to find the expansion coefficients [3,4]. Present paper presents the discretization of 
governing equations, together with boundary conditions for both EMBR and EMS devices with 
meshless Local Radial Basis Function Collocation Method (LRBFCM) [5]. 
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1 INTRODUCTION 
The modelling of application of magnetic field to the continuous casting process started as 
early as 1982 [6]. In 1986 [7], the 3D flow field with a rotational EMS of round steel strand 
was calculated, allowing to examine the influence of the stirrers position, the stirring length and 
EM parameters on the flow field. The first computational 3D study of EMBR systems was 
performed in 1982 [8]. The modelling of solidification and solute distribution was added to the 
model in 1998 [9]. The model considers the blockage of fluid flow by columnar dendrites in 
the mushy zone, the change in liquidus temperature with liquid concentration and the double 
diffusive convection. Turbulence of molten steel flow was modelled by k   turbulence model 
in [7, 10], followed by  steady Reynolds-Averaged Navier-Stokes (RANS) models [11], filtered 
unsteady RANS model [11], Large Eddy Simulation (LES) models [11, 12, 13] and RANS 
Shear Stress (RANS-SST) model [14].  
The most common numerical methods used in computational modelling of continuous 
casting of steel are Finite Difference Method (FDM) [15, 16], Finite Volume Method (FVM) 
[17, 18] and Finite Element Method (FEM) [19, 20]. As the geometry in the continuous casting 
process is complex and the physical system requires moving and/or deforming boundaries, the 
mesh generation can present a substantial problem for the above mentioned numerical methods. 
To circumvent this problem, also meshless numerical methods have recently been considered 
for this problem. Among various available meshless methods, such as meshless local Petrov-
Galerkin method [21], point interpolation method [22], method of fundamental solutions [23], 
etc., LRBFCM [5] has been chosen to tackle the problem under consideration. This method has 
first been applied to the CC problem in 2011 [24]. Lately, the application of magnetic field [3, 
4] has been added to the model. The next step will be the application of macrosegregation [25] 
to the already existing heat transfer and fluid flow model of CC. 
The strength of magnetic field is calculated analytically and depends on the strand distance, 
the number of windings in the coils, the size of the windings, and the electric current. In the 
present paper the discretization of governing equations or EMBR and EMS devices is presented.  
 
2 GOVERNING EQUATIONS 
The continuous casting process with applied magnetic field can be described by five 
conservation equations; namely the mass, momentum, energy, species and charge conservation 
equations, 
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where v  stands for the velocity of the mixture, S L     is the density, assumed to be constant 
and equal in both phases. t  stands for time and p  for pressure. t  is turbulent viscosity and L  
is the dynamic viscosity, k  represents turbulent kinetic energy and 0K  is the permeability 
constant. Sv , T , C , g , T , refT , C , and refC  represent velocity of solid phase, thermal 
expansion coefficient, solute expansion coefficient, gravitational acceleration, temperature, 
reference temperature, species concentration and reference species concentration, respectively. 
j B  is Lorentz force, and is in detail described below. h  stands for enthalpy,   for thermal 
conductivity, and 0  for electrical conductivity. Sf , Lf , Sh , and Lh  represent solid volume 
fraction, liquid volume fraction, enthalpy of the solid phase and enthalpy of the liquid phase, 
and t  is turbulent kinematic viscosity. SD , and LD  are diffusion coefficients for solid and 
liquid phase respectively. e  and j  are electric charge density and current density. SC  and LC  
are the concentration of solute in solid and liquid phase, respectively. Level rule 
microsegregation model is used to determine the liquid fraction, structured with 
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(9) 
mT , eT , and eC  are the melting temperature, the eutectic temperature and the eutectic solute 
concentration, respectively. 
Additionally, the turbulent kinetic energy and the dissipation rate equations are added to 
account for the turbulence  
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where   stands for the dissipation rate, t , C , k ,  , 1c  , 1f , 2c   and 2f  are closure 
coefficients. kP , kG , kD  , and kE   are the shear production of turbulent kinetic energy, 
generation of turbulence due to the buoyancy force, source term in k  equation and source term 
in   equation, respectively. Abe-Kondoh-Nagano closures are used [26]. 
Maxwell’s equations together with Ohm’s law are used to calculate the magnetic field effects 
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where E , 0 , B , and 0  are electric field, permittivity of free space, magnetic field density, and 
permeability of free space. The extent of coupling between the magnetic field and velocity, 
temperature, species concentration or energy, depends on the device (EMBR or EMS) that is 
used to produce the EM field. The coupling in both cases is done through the Lorentz force 
m  F j B , (17) 
which is added to the momentum equation and Joule heating term 
2
0
| |

j
, 
(18) 
that is added to the energy equation. 
3 ELECTROMAGNETIC FIELD EQUATIONS 
Both the EMBR and EMS are incorporated into the model through the Lorentz force, and if 
necessary, the Joule heating term. However, the magnetic field and consequently the Lorentz 
force for each of the EM devices are calculated in a different way. The calculation procedure is 
outlined below. In both, EMS and EMBR cases, an assumption of low 0 0Rem Lv    is made. v
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is the characteristic velocity and L  is the characteristic length. The solution of EMS additionally 
requires a low frequency approximation. 
3.1 Electromagnetic braking 
The considered device for EMBR consist of two coils facing in the same direction as 
schematically presented in Figure 1. This coil configuration consists with EMBR ruler. The 
magnetic field for such coil arrangement can be calculated analytically [27, 28] by first 
calculating the magnetic field components of each individual winding 
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where x , 1,3 2
ay y  , 2,4 2
ay y  , 1,2 2
bz z  , 3,4 2
bz z  , 2 2 2i i ix yr z   . The assumption of 
tightly wound loops placed next to each other is then made. By substituting wx x n    , 
wy y m    and wz z m    , where n , m , and w are the number of loops in x direction, the 
number of loops in y  and z  directions and the diameter of the wire, the total field of a single 
solenoid coil is obtained by summing up all of the contributions 
1 N B B B . 
(22) 
The parallel coil configuration is obtained by employing a transformation 
2
x dx   and 
2
x dx  , where d  is the distance between coils, and the summation of both contributions is 
2 2
d d
 
 B B B . 
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Figure 1: Left: Scheme of EMBR configuration. Right: Scheme of EMS configuration. 
The magnetic field is then inserted into the electric potential equation 
2 ( )    v B   
      (23) 
which is obtained by inserting Ohm’s law (Eq. 9) into the charge conservation equation (Eq. 
5). Once the electric potential is calculated, it is inserted into Eq. 9 in order to obtain the 
current density, which is then used to calculate Lorentz force and, if needed, Joule source 
term. 
 
3.2 Electromagnetic stirring 
The considered device for EMS consists of four coils facing each other. The coils employ 
alternating current to produce a time varying magnetic field. By introducing the vector A  and 
scalar   potentials and enforcing the Coulomb gauge condition ( 0 A ), the magnetic and 
the electric fields are rewritten as 
 B A , 
(24) 
t

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      (25) 
Inserting Eqs. (24) and (25) into Maxwell’s equations (Eqs. 12-15), the following equations are 
obtained 
2
0 0 0 0 0( )ot
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2 0  ,       (27) 
and consequently,   can be set to .const   By applying the Ohm’s law, Eq. 26 can be expressed 
as 
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2
0 ( )ind ext   A j j , (28) 
where indj  and extj  are induced and imposed currents, respectively. The solution of thus obtained 
linear system of equations can be further simplified by taking into account that the imposed 
current density is harmonic and can therefore be written as 
( ) i text ext e
j j r , (29) 
where ( )extj r  is the amplitude of current density in the coils and  is the source frequency [29, 
30]. The Lorentz force and, if necessary, the Joule source terms are calculated as a real part of 
the complex fields. 
4 DISCRETIZATION OF GOVERNING EQUATIONS  
The discretization procedure of LRBFCM is discussed in the continuation of the present 
paper. As all the governing equations follow the conservation principle, they can be described 
with a general transport equation as 
( )
( ) ( )D S
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(30) 
where D  is diffusion coefficient,   is general dependent variable (e.g. velocity) and S  a 
source term. The first term on the left side in the equation is called the transient term, whereas 
the second term is the convection term. On the right side, the first term is the diffusion term. 
The description of discretization is demonstrated for a general transport equation, as the 
discretization of mass, momentum, energy, species conservation, turbulent kinetic energy and 
dissipation rate governing equations follows the same principle.  
4.1 Time discretization 
The time discretization is performed by explicit first-order approximation (explicit Euler) 
scheme. The transient term (first term in Eq. 30) is thus rewritten as 
0 0 0 0 0 0 0
0
( ) ( ) ( ) ( )( ) t t t t t t
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(31) 
where 0( )t t   and 0( )t  represent the value of sought for variable at time 0t t   and 0t , 
respectively, and 0  represents the value of density at time 0t . 
4.2 Space discretization 
Space discretization in LRBFCM is done by collocation with RBFs. The general idea behind 
this method is to construct an approximation function on the local group of nodes, the so-called 
influence domains, and to apply the PDE on the approximation functions in a strong 
formulation. The approximation function   is constructed on a local subdomain l  and is 
represented as a linear combination of weighted basis functions l i  
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where l i , BasisN , l i , and x y zx y z  p i i i are the expansion coefficient, the number of basis 
functions, the basis function, and the position vector in influence domain l , where , ,1 domainNl 
, respectively. The position vector is expressed in Cartesian coordinate system with coordinates 
, ,x y z  and base vectors , ,x y zi i i . Among the various possible basis functions, such as 
polynomials, Fourier basis functions, the multiquadric RBFs are chosen  
2 2( )r r c   , (33) 
where 2 2 2|| ( ) ( ) )| (| l j l j l jl j l j
l max l max l max
y z
r
y z
x x y z
x
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

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 p p  is the distance between the central node p
and the support node l jp  and c  is the shape parameter. The distances between the current 
position p  and the support nodes in the influence domain region are normalized by the 
maximum lengths in subdomain l maxx , l maxy , and l maxz . This allows to use a constant value of (
32c  ) in differently arranged subdomains. The expansion coefficients of the approximation 
function are determined by collocation, which demands that the number of basis functions 
equals the number of the domain nodes. The collocation condition ( )l j l j  p  must hold for 
all the points in the influence domain. By implementing the collocation condition, a linear 
system of equations is obtained 
l l l ψ α , (34) 
where lψ , l α , and l   are the matrix of RBFs, the vector of the expansion coefficients, and the 
vector of corresponding data values, respectively. If the matrix is non-singular [31], the 
expansion coefficients can be obtained as 
1
l l l
 α ψ . (35) 
The approximation function thus becomes 
1
1 1
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The convection term is first rewritten as 
( ) ( )       v v v  (37) 
and spatial discretization is then applied to each of the terms separately. The first term is 
rewritten as 
  1
1 1
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and the second term as 
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In the present case, only the second term (Eq. 39) is calculated, as the density is considered 
constant. Similarly, the diffusion term is first rewritten as 
2( )D D D        , (40) 
where D  is a diffusion coefficient. The first term in Eq. (40) is discretized as 
1 1
1 1 1 1
( ) ( () )
domain domain domain domainN N N N
l l i l in l n l i l in l n
i n i nj j
D D
x x
    
   
 
    
 
     
(41) 
and the second as 
2
2 1
2
1 1
( )
Ba Basis ssiN N
l l l i l in l n
i nj
D D
x
  
 

   

  . 
(42) 
By using the above described procedure for time and space discretization, a general transport 
equation (Eq. 31) becomes 
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4.3 Discretization of Poisson equations 
The discretization of Poisson’s equation is a boundary value problem, whereas the 
previously described discretization is an initial value problem. Respectively, its discretization 
by LRBFCM is described separately. It is used for the solution of electric scalar potential in 
EMBR (Eq. 23), vector potential in EMS (Eq. 28), and pressure in FSM method, which is used 
for coupling of the mass conservation with the momentum conservation equations. A detailed 
description of FSM pressure-velocity coupling solution procedure and its implementation in the 
LRBFCM can be found in [2-5]. The discretization procedure for Poisson’s equation is 
presented for a general variable. The global np  and the local influence domain l ip  nodes 
coincide and are connected by the following relation ( , )n l i l ip p . The general variable is 
represented on each of the influence domains as a linear combination of basis functions and 
expansion coefficients as  
( , )
1
( ) ( )
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l n l i l
i
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  p p . 
(44) 
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The expansion coefficients are determined from collocation, as presented in Eq. 35.   is 
therefore determined in each of the subdomains as  
1
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1 1
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l l n l i l ij n l j
i j
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(45) 
The discretized general Poisson equation is a result of collocation and application of Laplace 
operator in global node kp  
1
domainN
kl l k
k
S

   , 
(46) 
where kl  is the sparse matrix element and kS  is a function of  . For scalar potential 
( )kS   v B , for vector potential 0 ( )k ind extS   j j   and for pressure *k t
S

  

v , where *v  is 
the intermediate velocity. 
4.4 Discretization of boundary conditions 
In general, there are three types of boundary conditions: the Neumann, Dirichlet and Robin 
ones, all of which are used in the solution of governing equations for the CC of steel under the 
influence of magnetic field. The implementation of Dirichlet boundary conditions is 
straightforward  
( )l l BC  p . (47) 
The implementation of Neumann boundary conditions on the other hand requires the 
application of collocation 
1
( ) ( )
domainN
l l j l j
j
 

 
 
 
p pn n
. 
(48) 
The same is true for Robin boundary conditions 
1
(( ) ( ) ( ) ))(
domainN
l l l j l j l j
j
a ab b  

 
    
 
p p p pn n
, 
(49) 
where n  is normal to the boundary, and a  and b  are the weights.  
 
5  CONCLUSIONS 
In this paper, a local meshless procedure for discretization of governing equations and their 
boundary conditions for a coupled multiphysics problem, resulting from EMBR and EMS in 
CC is presented. The general local form of discretized equations is applied to the transport 
equations of mass, momentum, species, energy, turbulent kinetic energy and dissipation rate. 
The solution of Poisson’s equation, which is representative for solving the electric vector 
potential and pressure Poisson’s equation, is discretized. The discretisation results in solving of 
a global sparse matrix for all the nodes in calculation domain. In both cases the collocation with 
RBFs is used for local space discretization on influence domains and explicit Euler scheme is 
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used for time discretization. Several numerical results, stemming from the presented meshless 
computational scheme will be presented at the conference. 
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